Abstract. Let X be a smooth projective variety over an algebraically closed field k of characteristic p > 0 of dim X ≥ 4 and Picard number ρ(X) = 1.
Introduction
An important outstanding problem in differential geometry is asking whether the tangent bundles admit Hermitian-Einstein metrics. By Kobayashi-Hitchin correspondence, this problem is related to the stability of tangent bundles. In algebraic geometry over positive characteristic, there exists another useful notion of strong stability of sheaves. X. Sun [8] [9] , G. Li and F. Yu [4] have showed that the strong stability of cotangent bundles has relation with the stability of Frobenius direct image of sheaves. So we would like to know which classes of varieties have strongly semistable cotangent bundles in positive characteristic. However, as far as I know that there are only a few classes of varieties with strongly semistable cotangent bundles that have been found. K. Joshi [3] showed that the cotangent bundles of the general type hypersurfaces of P n k (n ≥ 4) are strongly stable. A. Noma [5] [6] proved that any smooth weighted complete intersection X of some weak projective space with Pic(X) ∼ = Z has strongly stable cotangent bundle. Later I. Biswas [1] given some conditions under which the cotangent bundles of complete intersections on some Fano varieties are strongly stable.
The motivation of this paper is to find new classes of varieties with strongly (semi)stable cotangent bundles in positive characteristic. T. Peternell and J. Wiśniewski [7] have studied the stability of cotangent bundles of hypersurfaces and cyclic covers over complex field. We study the strong stability of cotangent bundles of hypersurfaces and cyclic covers in positive characteristic. The main result is:
Theorem. Let k be an algebraically closed field of characteristic p > 0, X a n(≥ 4)-dimensional smooth projective variety of Picard number ρ(X) = 1 over k. Suppose that X satisfies
for any ample line bundle L on X, any nonnegative integers m, i, j with 0 ≤ i + j < n. Let Y be a smooth variety obtained from X by taking hyperplane sections of dim ≥ 3 and cyclic covers along smooth divisors. If the canonical bundle ω Y is ample (resp. nef ), then Ω Y is strongly stable (resp. strongly semistable).
As an application, let X be a n(≥ 4)-dimensional smooth weighted complete intersection of some weak projective space. Then the cotangent bundles of smooth ample general type (resp. non-Fano) divisors and cyclic coves along smooth ample divisors of X are strongly stable (resp. strongly semistable). (See Corollary 4.5).
The paper is organized as follows. In section 2 we recall some definitions and Grothendieck-Lefschetz theorem on Picard groups in arbitrary characteristic (Lemma 2.1), which is crucial for our proofs. In section 3 we introduce the notion of Frobenius vanish of varieties in positivie characteristic (Definition 3.1), and prove that under wide condition this property is preserved under taking hypersurfaces and cyclic covers (Proposition 3.5, Theorem 3.6). In section 4 we show that Frobenius vanish of varieties induces the strong (semi-)stability of cotangent bundles (Theorem 4.1) and obtain the main result of this paper (Theorem 4.4).
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Preliminary
Let k be an algebraically closed field of characteristic p > 0, X a smooth projective variety of dimension n over k with fixed ample divisors H :
p , with identity on the underlining topological space. Let E be a torsion free sheaf on X, the H -slope of E is defined as
Let L be a line bundle on X, D ∈ |L d | a smooth divisor on X for some positive integer number d > 0, (p, d) = 1 (Unless stated otherwise, we always require (p, d) = 1 in construction of cyclic cover). Let π : Y → X be the cyclic covering over X branched along D (Without confusion, we will omit mentioning L in construction), then there is a smooth divisor
, and the following exact 
Frobenius H -vanish property
Now we introduce the notion of Frobenius H -vanish for projective varieties in positive characteristic.
Definition 3.1. Let k be an algebraically closed field of characteristic p > 0, and X a smooth projective variety of dimension n over k. Fix ample divisors 
Proof. Consider the exact sequence of sheaves
which is obtained by tensoring the exact sequence of sheaves on
with Ω j X (1 ≤ j ≤ n). Applying F m * X to above sequence and tensoring with L −1 , where L is a H -positive line bundle on X. Then we have exact sequence
and this deduces an exact sequence of cohomology groups
Then by the Frobenius H -vanish property of X, for any nonnegative integers i, j with 0 ≤ i + j < N − 1, we have
Consider the exterior power of exact sequence of cotangent-conormal sheaves 
Then we have an exact sequence of cohomology groups
Hence, using induction on above sequence, we have 
. Moreover, by corollary 3.4, the commutative diagram 
where L is a H -positive line bundle on X. We have exact sequence
This deduces exact sequence of cohomology groups
Then, by Lemma 3.3, for any nonnegative integers i, j with 0 ≤ i + j < N , we have
−i , so by projective formula, we get isomorphism
Since π : Y → X is an affine morphism, by projective formula, we have
Consider the following exact sequence on
to above sequence and tensoring with π * (L −1 ), we get exact sequece
Taking cohomology we have
Since D ′ maps isomorphically to D with commutative diagram
Therefore, there is isomorphism
Then, by lemma 3.3, for any nonnegative integers i, j with 0 ≤ i + j < N , we have
This completes the proof of this theorem.
Strong Stability of Cotangent Bundles
Frobenius H -vanish property has closed relation with strong stability of cotangent bundles in positive characteristic, at least for smooth projective varieties of Kodaira dimension ≥ 0.
Proposition 4.1. Let k be an algebraically closed field of characteristic p > 0, m ∈ N, and X a smooth projective variety over k. Suppose that X has Frobenius Hvanish in level m up to rank dim X and ω X is H -positive (resp. H -nonnegative).
). This induces a nontrivial homomorphism det(E ) → F m * X (Ω j X ). Since ω X is H -positive (resp. H -nonnegative), we have det(E ) is H -positive. This contradicts the Frobenius H -vanish assumption on X. Hence, F m * X (Ω X ) is H -stable (resp. H -semistable). Remark 4.2. If κ(X) > 0 (resp. ≥ 0), then ω X is H -positive (resp. H -nonnegative).
Corollary 4.3. Let k be an algebraically closed field of characteristic p > 0, m ∈ N, and X a n(≥ 4)-dimensional smooth projective variety over k, π : Y → X a cyclic cover of X branched along a smooth ample divisor D. Suppose that X has Frobenius H -vanish in level m up to rank n, and ω Y is π
Proof. It is obviously by theorem 3.6 and proposition 4.1.
Combine all results above we obtain our main result of the paper.
Theorem 4.4. Let k be an algebraically closed field of characteristic p > 0, X a n(≥ 4)-dimensional smooth projective variety of Picard number ρ(X) = 1 over k. Suppose that X has Frobenius H -vanish of rank n in any level. Let Y be a smooth variety obtained from X by taking hyperplane sections of dim ≥ 3 and cyclic covers along smooth divisors. If the canonical bundle ω Y is ample (resp. nef ), then Ω Y is strongly stable (resp. strongly semistable) with respect to any polarization.
Proof. By corollary 3.4 and proof of theorem 3.6, we have ρ(Y ) = 1. Hence, any polarization are numerical equivalent up to a positive scalar. Combine proposition 3.5, theorem 3.6 and proposition 4.1 we get the strong stability of Ω Y with respect to any polarization.
Corollary 4.5. Let k be an algebraically closed field of characteristic p > 0, and X a n(≥ 4)-dimensional smooth weighted complete intersection of a weak projective space. Let Y be a smooth variety obtained from X by taking hyperplane sections of dim ≥ 3 and cyclic covers along smooth divisors. If the canonical bundle ω Y is ample (resp. nef ), then Ω Y is strongly stable (resp. strongly semistable) with respect to any polarization.
Proof. It is easily follows from theorem 4.4 and Remark 3.2.
